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Abstract. In the introduction part of this paper are given some general notations,
definitions and examples for rational interpolation and interpolation by splines. Next is
achieved and proved assessment and comparison, in form of inequalities, between the
surfaces that are formed by the graphs formed of the second derivative of spline and
the second derivative of function interpolated by that spline, in a given segment,
considering boundary conditions. Finally for a constructed smooth rational cubic
trigonometric spline with shape parameters, are studied its properties and manipulated
with parameters to constrain the shape of interpolant region and illustrated with
numerical examples.
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Introduction

Definition 1. Let A:a=X,<X <X, <..<X,=Db be a subdivision of the
segment a,b . Afunction S{,: a,b —>R,meN is called a spline of degree
m with respect to the subdivision A, if S{, is m-—1 —times continuously
differentiable on a,b and if the restriction of S, to each subinterval
X % ,1=12,...,n=1n reduces to a polynomial of degree smaller or equal
to m. By S, we denote all splines of degree m for a fixed subdivision of

segment in n pieces. S, is linear space of dimension m+n.

Definition 2. Let A:a=X, <X <X, <...<X,,, =b be a subdivision of the

segment a,b . The space of trigonometric splines is defined as

Spa=s:s|,, €T,i=012.,kAaD"s x~ =D"'s x",
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1=12,...,m-m,i=12,.,k ,suchthat M = m,...,m_ bea vector which
elements satisfy 1<m,<m, D=d/dx is differential and operator
T,=span ¢ ,, X @ X : be the space of trigonometric polynomials of
order m, where
g X =9 kX ,¢9 X =@ kx ,keN ¢ X =sinax,p X =sinax and

k
span A ={Zﬂ1vi IV, e AnA € R}.
i=1

Here we present some examples of splines:

1. B®—splines: these functions are splines of order 1 and B* —splines: these

functions are splines of order 1, and reaches a peak at x = x.,, and is upward

i+1

(downward) sloping for X <X, X>X_, .

X=Xy <x<x
' i = = TNivl
X~ X
1, X <X<X X . —X
BY X = ' " and B! x =2 " x <x<X,
0, else Xiv2 = X
0, else

2. Higher order spline functions are defined by the recursion:

X=X X —X
n _ i n-1 i+n+1 n-1
B X —( JBi X +[—JB”1 X
Xion =% Xiinu — Xin

3. Cubic splines: these functions are splines of order 4 and its analytic
expressionisas S;, = a + b(X-X) + ¢(x-%)* + d;(x-x)* for
X€E X,%, Where

1:i+l_ fi _M(ZMI + Mi+1)' C. :% d = i+1 V7
h 6

a=f x =f , b=
2

i+1
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14

M, = S, aresolutions of system of linear equations

UM, +2M; +viM; :/11, i=Ln-1

as amended by the given boundary conditions,

hy =% — X4, ﬂi:L’ Vi=1-g4, A=6F X, X, %, -
h +h

i i+1

4. Cubic trigonometric spline: is presented as
span 1, X, sinx, CoS X, Sin2x, cos2X . These splines have many similar
properties to cubic B-splines and their corresponding spline curves and surfaces
can interpolate directly some control points without solving system of equations
or inserting some additional control points. The curves can be used to represent

exactly straight line segment, circular arc, elliptic arc, parabola and some
transcendental curves such as circular helix.

Some assessments of spline and fuction interpolated by it

Theorem 1. Let f x €C? 0,1 be periodic function. If S, be cubic spline

interpolation of function f X than holds the inequality

"
Sia |<6max

1<i<n-1

max

f X ., X,%..|,where
1<i<n-1

-1 N DNl

A= 0=X%X <X <..<X, =1

14

Proof. M; = S;, are solutions of system of linear equations
M +2M, +v M, =4 T1=1n-1 where

h
h=x-X. V=—2_y+v=1and A =6Ff X ., X,X. .Let
i i i-1 i hi + h”l :ul i /11 Xl—l i i+l

max |M,|=|M,|,k e Ln-1 andsince z,v, e 0,1 ,Vieln-1

I<i<n-1
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than the relation
max /11|Z|ﬂ'k|22|Mk|_luk|Mk—l|_vk|Mk+1|Z|Mk| 2=t =V, =
=|M,|= max |M,|.

I<i<n-1

Is valid.

Theorem2.Let f x €CP a,b and the spline
seS;, m=2p-1 peN,p=>2 beits interpolant, respectively

s x =f x ,i=1n,and satisfies the boundary conditions

s'a=f"a,s'" b=f"b,i=1p-1
b
than holds _ffp X —s? x dx:j fP x —s? x dx

Proof. We have that

b 2 2
ffp X —s? x dx:j fP x —sP x dx—2R where

b
R:pr X —s” x s? x dx.Since f x eC? a,b and

seC™! a,b has continuous derivatives of order m, by p—1repeated

1

integrations and using the boundary conditions and since s~ X =0 is

obtained that

b
R= —1p'lJ'f' X -8 x s" x dx=
a
nX

—1‘“21[ f'x -5’ x s™ x dx=

i=1 X;
X ]
Xi—1

=—1p'1(z f x —s x s™ x dx
i=1
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Corollary 1. Let f x =0and the spline seS;, m=2p-1, peN,p=>2

be its interpolant, respectively s x, =f x ,i=1n, and satisfies the

boundary conditions s' a =f' a,s' b =f' b,i=1p-1 than
s=0.

Proof. For f x =0, fromtheorem 1, we

have:

2 2 2

b b
dx:O—J'sp X dx:j'sp X dx=0=s’ x =0.

Now from boundary conditions since s' a =0,i=1 p—1=5=0.

b
jO—sp X

Theorem3. Let f x €C? a,b beafunctionand S, be cubic spline that
interpolates the function f X atthe nodes

A= a=X,<X <..<X,=Db and satisfies the boundary conditions
S;,a=f"a, S;, b=f"b than ?[S}'A X ]dxsl][f” X Jdx is
valid. a )

Proof. Let us form the difference D x =f Xx —S;, X and now we have
li[[f” X ]zdx=?[8;'A X ]de+?[D” X ]de+2k]'8;’A x D" x dx.By
i;tegration by par;s of last integral vT/e have :

l]‘S;’A x D" x dx=S{, x D" x E—]‘S;'; x D" x dx. First term of the

right hand of the equation is zero because of boundary conditions and now The
integral in the second term can be divided into subintervals, as follows:

b n-1 X

—_[S}"A x D' x dx=-) IS}"A x D' x dx,
a i=1

Xis1 Xis1

[sr x D xdx=s7, x D x [~ [s x D x dx=0-0=0.

X X
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So
t]‘[f” X ]de—?[D" X ]zdx= t].[s;’A X ]2dx:> bf[s;'A X ]dxsbj[f” X ]dx.

Rational cubic trigonometric spline

Let t,f. / i=0,n+1 Dbe a given set of data points, such that
a=t, <t <..<t <t =Db. The C'-continous, piecewise rational cubic

PO i _gao,

function based on the function values is defined as P(t) = 0’
Qi

where
p, t = 1-sing sai f.+sing 1-sinp 3-sing u +
+Cosp 1-cosp 3-cos¢ V,+ 1-cose 3,/3i f

and

gt =1-sing 3ai+sin(0 1-sing 3-sing +cosg 1-cosp 3-Cosgp +

+ 1-cos¢ ’ B
T t—-t
Suchthat h =t . —t, t = —, te t,t,, .
i i+l i Q 2h| [RAEE
u = f +% f.—f ,v="1,,- 20 A, Tiup = T and «;,, B >0.lItis
3 37 i+1
obvious that this rational cubic trigonometric function satisfies the

relationP t >0, P(t) = f, and P'(t) = % With g t we denote

the broken line or linear piece-wise curve defined on t,,t, with joining points

t, f, / i=0,n+1 with node system t, <t, <..<t <t such that

ftt 2<gt andPt><gt wheei=0n+1landte t,t

i n+l *
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We suppose thatP t >g t , i tt >gt
q 3

ppt—g tgt=M t =0,respectively
M, t ={1-sing 3aifi+sin¢) 1-sing 3-sing u. +
+C0s¢p 1-cosep 3-cose V,+ 1-cose 3/3i f.}—{1-sing Sai +

+sing 1-sing 3-sing +cosep 1-cosp 3—-Ccosep +

+ 1-cosg : ﬂi}{(l—z—(p] g +2—¢gi+l} >0
T T

where ;=g t, and g,,, =0 t_, .since
M, t =1-sing SaiAlleSingo l-singp 3-singp A,+

+Cos¢p 1-cosep 3-cosep A,+ 1-cose SﬂiAA >0

2 2 2
A1,1=( __(pj fi—9, +=£ fii— G - fia—f
T 7 7T

2,
A,z = A,1+§ fi+l_ fi )

2hi18i fi+ — fi+
A,3:Aﬁ,4_ : of A,4:Aﬁ,1+ fi+1_fi'
37[ hi+l

According to the last relation the last sufficient condition for the curve P t to

lie above the straight line g t onsegment t,t,, is stated in this theorem:

Theorem 4. For the given set t,f,0, / 1=0,n+1 such that
ft =gt , i=0n+1 the sufficient condition for the curve P t to lie

above the straight line g t on segment f,t,, is that for the positive

parameters ¢ and B must be valid the relation A, >0, k=1,2,3,4. For

equidistant nodes the relation A , takes the form A, =A, —? fi,— T, .
4
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and the boundness of the region where the interpolation curve is situated, can
be stated this result:

Theorem 5. For the given set t,f,g,0, / i=0,n+1 such that

gt <ft <g't, i=0On+l.ft =gt , i=0n+1 the
sufficient condition for the rational cubic trigonometric curve P t to lie above
the straight line g t and under the straight lineg™ t on segment t,t_ is

that for the positive parameters «; and f, must be valid the relation
A,=0, k=123,4 defined as above and B, <0, k=1,2,34 where

Bi,lz( _2_¢j fi_g*i +27¢ f; _g*' _27¢ fo—fi

i+1 i+1
T
Bi,z = Bi,l +% fi+1 - fi )
T
B:=B 4_% fi+2_ fi+1 , B,=B+ fi+l_ fi'
) ) 372_ ) y
Example: the interpolation data and positive parameters ¢, dhe g,, 1=12,3

are given in the table below, and fulfilling the conditions from theorem 4 and 5
inorder thecurve P t tolie g° t and g t , which can be written as:

0,16t+0.107,  te 0,05
0,12t-0.033, te 05,

O U= oosts0167, te11s  and

0,04t-0,013, te 152

—0,16t +0.093, te 0,05
0,12t —0.047, te 051

—0,08t +0.153, te 115

0,04t -0,027, te 1.52

gt
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t gt |ft gt
0 1 0,107 01 0,093
05 | 2 0,027 0,02 0,013
1 3 0,087 0,08 0,073
15 | 4 0,047 0,04 0,033
2 5 0,067 0,06 0,053

! o, B;

1 ]0,001123 | 0,0011423

2 [0,001555 [ 0,00124

3 ]0,001510 | 0,0011905

These data are represented in the graph below where the graphs of curves

gt ,Pt and gt areinblue, red and black color respectively.

P(t)
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0.05
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0.01
0
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Conclusion

Some assessments and between the surfaces that are formed by the graphs
formed of the second derivative of spline and the second derivative of
function interpolated by that spline, in a given segment, considering boundary
conditions are given. Examples of splines including rational trigonometric cubic
spline discussing the conditions to fulfill of shape parameters for constraining
spline curve to be bounded between two parallel straight lines.
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