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Abstract

In this paper we give a fixed point result provided by the type (e, 3, ®,0)-
contraction for weakly-compatible orbital-cyclic mappings on extended cone metric
spaces where ¢ is a comparison function and o is a non-negative real number.
We describe the iterative process finalizing the convergence result in such maps.
The study focuses on a class of mappings known as weakly-compatible orbital-
cyclic mappings. These mappings have specific properties that are investigated in
this paper. The purpose of this paper is to establish conditions under which such
mappings guarantee the existence of fixed points in extended cone metric spaces.

Key words: («, f3) -orbital-cyclic admissible quartet, Weakly compatible,
Extended cone metric space, Banach operator pair.

Pérmbledhje

Né kété punim ne japim njé rezultat pér pikén fikse té pérftuar nga kontraksioni i
tipit («, B, @, &) pér pasqyrimet orbital-cikliké dobét té pérputhshém né hapésirat
kon-metrike té zgjeruara, ku ¢ éshté njé funksion krahasimi dhe & éshté njé numér
real jonegativ. Ne pérshkruajmé procesin pérsérités (iteracionet) gé finalizon
rezultatin e konvergjencés té késaj kategorie pasqyrimesh. Studimi fokusohet né njé
klasé pasqyrimesh té njohura si pasqyrimet orbital-ciklike dobét té péputhshme.
Kéto pasqyrime kané veti specifike gé i gjeni té hulumtuara né kété punim. Qéllimi i
kétij punimi éshté té vendosé kushtet né té cilat pasgyrime té tilla garantojné
ekzistencén e pikave fikse né hapésirat e zgjeruara kon metrike.

Fjalé kyce: Katérshja («, f3) -orbital-ciklike e pranueshme, Dobét i pérputhshém,
Hapésirat e zgjeruara kon-metrike, Cift operatorésh Banach.
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1. Introduction and Preliminaries

Research in fixed point theory may involve the development of new concepts,
theorems, and techniques to analyze different type of metric spaces and to find fixed
points for various classes of functions. In this way, these are many generalizations
of fixed point theory on such spaces which offer interest for us, starting from the
cone metric spaces, extended to cone b-metric spaces, later to cone b-quasi metric
spaces and to extended cone b-quasi metric spaces. In his paper, Haokip et al. gave
a common fixed point result for a class of contractive mappings which is a
generalization of the Algahtani contractive condition. We propose a hew contraction
of type (a,B,p,0) for two pairs of («, ) -orbital-cyclic admissible and
simultaneously weakly-compatible functions, which generalize the Haokip et al.
result.

Some useful definitions which be used in function of our main result are introduced
and reproduced below.

One of the most interesting generalizations of metric spaces was introduced in 2007
by Huang and Zhang.

Let E be a real Banach space and P be a subset of E.

Definition 1.1. (Huang & Zhang, 2007) Let P be a nonempty subset of E, where
E is an ordered Banach space. The set P is called cone if and only if:

(i) P is closed, nonempty and P {6},
(i) a,bell, a,b>0, x,y e P implies ax+by e P,
(iii) xe P and —x e P implies x=0.
The cone P is called normal if, there is a positive real number K such that, for all
X,y in P we have:
0<x<y=|x|<K]y]| (2.1)

The positive number K is called the normality constant of P.

Definition 1.2. (Huang & Zhang, 2007) Let P be a cone and X a non-empty set. The
function d: X xX —P is called a cone metric if it satisfies the following
conditions:

(c1) d(x,y)eP thatis0<d(x,y) forand d(x,y)=0 iff x=y,
(c2) d(x,y)=d(y,x) forallx,y € X,
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(c3) d(x,y)<d(x,z)+d(z,y) forall x,y,z e X.
The pair (X,d) is called a cone metric space.

The concept of cone metric space and fixed point theory on these spaces has been
developed from many authors in their works. One of the most important extension
of cone metric spaces is established by the following concept introduced by
Czerwik.

Definition 1.3. (Czerwik, 1998) Let be X a nonempty set and S>1be a given real
number. A function d: X x X —[1"is called a b-metric if, for all x,y,ze X it
satisfies the conditions:

(b1) d(x,y)=0iff x=y,

(b2) d(x, y) =d(y,x),

(b3) d(x,z) <s[d(x,y)+d(y,2)] .

The pair (X,d) is called b-metric space with parameter s.

Kamran et al. in 2017, introduced a new type of generalized metric space by taking
a two-variables function 9(x, y) instead of the parameter s.

Definition 1.4. (Kamran, Samreen, Ain, 2017) Let X be a nonempty set and
0: X x X —[1,+0). A function d, : X x X —[0,+0) is an extended b-metric, if

forall x,y,z e X it satisfies:

(d,D) d,(x,y)=0 iff x=Y,

(d,2) d,(x,y)=d,(y,x), forallx,ye X,

(d,3) d,(x,2) <O(x,z)(d,(x,y)+d,(y,2)) forall x,y,zeX.

The pair (X,d,) is called an extended b-metric space.

Examplel.5. (Kamran, Samreen, Ain, 2017)

Let X =(C[a, b],[] ) be the space of all continuous real valued functions defined
on [a,b]. Note that X is complete extended b-metric space by considering

d, (X, y) = sup |x(t)—y(t)|2,with o(x,y) = x@t)|+|yt)|+2, where

tefa,b]

. X x X —[L+0).
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Example 1.6. Let X ={1,2 3} and 6:XxX —>[L+0) defined by

O(X,y) =1+xy. Let be the cone P ={(a,b) €[] *:a,b>0}. Define the function
d, as follows:

d,(12)=d,(2,1) = (10,10)
d,(1,3) =d,(3,1) = (20, 20)
d,(2,3)=d,(3,2) = (30,30)
d, (1) =d,(2,2)=d,(33)=(0,0)=0

It is clear by the definition of d,that the first and second conditions of extended
cone metric space are fulfilled. Let now check the third condition:

d,(x,2) <O(x,2)[d, (X, y)+d,(y,2)] forall x,y,ze X or equivalently,

0(x,z)[d,(x, y)+d,(y,2)]-d,(x,2) > 0.

6(1,3)[d,(1,2) +d,(2,3)]-d,(1,3) =4[(10,10) +(30,30) ] - (20, 20) = (140,140) € P
0(1,2)[d,(13)+d,(3,2)]-d,(L2) =3[(20,20) +(30,30)] - (10,10) = (140,140) e P
0(2,3)[d,(2,1)+d,(13)]-d,(2,3) = 7[(10,10) + (20, 20) | - (30,30) = (180,180) € P
Then (X,d,) is an extended cone metric space.

Recently giving results in fixed point theory for cone metric spaces, Das and Bag in
2022 introduced the concept of extended cone metric space using this time a three-
variables function €(X, Y, 2).

Definition 1.7. (Das & Bag, 2022) Let be X a nonempty set and
O: XxXxX —>[l+o). Letd,: X xX —[" bea function which satisfies the
following conditions:

(d,D) d,(x,y)=0andd,(x,y)=0 iff X=Y,

(d,2) d,(x,y)=d,(y,x), forallx,yeX,

(dy3) dy(x,2) <O(x,y,z)(d, (X, y)+d,(y,2)) forall x,y,z e X.

The function d, is called extended cone metric on X and the pair (X,d,) is called

extended cone metric space.

Some basic topological notions such as convergence, Cauchy sequences, continuity
and completeness on extended cone metric spaces are defined as follows:
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Definition 1.8. Consider a sequence {X_ } in an extended cone metric space (X, d)
and P be a normal cone in E with normality constant K.

Then

(i) {x,}converges to x if for every ce Ewith ¢ >0, 3N 1, such that for all
n= N, d(x,,X) <c. Denoted by limx, =X or X, ————>X.

n—o0

(ii) {x,}is said to be Cauchy in X if for every ¢ € E with ¢ >0, 3N <[], such that
forall n,m>N,d(x,,X,) <C.

(iii) the mapping T : X — X is said to be continuous at a point x € X if for every
sequence {X,} converging to x, it follows that IimTx, =T limx, =Tx.

n—o0 n—oo

(iv) (X, d) is said to be a complete cone metric space if every Cauchy sequence in X
is convergent in X.

Algahtani et al. in their work gave the notion of («, )-orbital - cyclic admissible

pair and proved some fixed point results for a couple of orbital cyclic functions in
extended b-metric spaces.

Definition 1.9. (Alqahtani, Fulga & Karapmar, 2018) Let S, T are two self-
mappings on a complete extended cone metric space (X,d,). Suppose that there

are two functions «, 8: X x X —[0,0) such that forany x e X,

a(x,Tx)>1 = pA(Tx,STx)>1 and 22)
L(X,SX)>1 = a(Sx,TSx)>1
Then (S, T) is called («, B) -orbital -cyclic admissible pair.
Based on this definition, Haokip et al. in 2022, introduced the following
Definition 2.0. (Haokip, Goswami, Tripathy, 2022) Let S, T are two self-mappings
on a complete extended cone metric space (Xydg) with f injective and
a, B X x X —[0,00) be two mappings such that for any x € X
a(fx, fTx)>1 = p(fTx, fSTx)>1 and
L, fSX)>1 = a(fSx, fTSx)>1

Then, f,S,T aresaidto be an («, £3) -orbital -cyclic admissible triplet.

(2.3)
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The Banach operator pair notion has been used in Haokip et al. paper. It was first
introduced by Subrahmanyam, extended by Chen and Li and later, by Ozturk and
Basarir.

Definition 2.1. (Oztirk & Basarir, 2011) Let f and T are self-mappings on an
extended cone metric space (X,d,). Then the pair (f,T) is said to be a Banach

operator pair if, for some k >0,

d,(fTx,Tx) <kd,(Tx,x)  forall x e X.
Definition 2.2. (Haokip, Goswami, Tripathy, 2022) Let f and T are self-mappings
on an extended cone metric space (X,d,). T is said to be Cauchy-commutative
with respect to f if for any sequence {x,} in X such that {X } is a Cauchy
sequence, fTx=Tfx for each xin {x_}.

In another generalization, introduced in 1984 by M.S. Khan, M. Swalech and S.
Sessa, they use a control function which they called an altering distance function.

This generalization is extended by Haokip, Goswami, Tripathy as follows:
Definition 2.3. (Haokip, Goswami, Tripathy, 2022) A function ¢:[0,o0) — [0, )
is called a sub-additive altering distance function if,

() p(x+y) <@(X) +@(y) VX, y €[0,)

(i) @is an altering distance function (Faraji, Nourouzi, 2017) (i.e., ¢ is
continuous, strictly increasing and ¢(t) =0 if and only if t=0)

Haokip et al. concluded in their research, the main result of which is represented as
well from following lemma and theorem.

Lemma 2.4 (Haokip, Goswami, Tripathy, 2022) Let (X,d,) be an extended b-
metric space. If there exists q €[0,1) such that the sequence {X.} for an arbitrary
X, € X satisfies

lim, . ,.0(X,,X,) < 1 andalso @(d, (%, %)) < a-0(dy (X, 1, %,)) (2.4)
’ q

for all positive integer n, then the sequence {X,} is Cauchy in X.

Theorem 2.5 (Haokip, Goswami, Tripathy, 2022) Let (X,d,) be complete
extended b-metric space and f,S,T:X — X to be an (e, ) -orbital-cyclic
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admissible triplet of mappings on X. Let (f,S) and (f,T) be two Banach
operator pairs such that for all x, y e X

a(fx, fTx)A(fy, fSy)d,(fTx, fSy)
< kip(d, (T, Ty)) +ko00(d, (T, TTX)) +ksp(d, (Ty, TSy))

for some k,k, >0,k, >0 and k +k, +k; <1.

(2.5)

Suppose that there exists X, € X such that a(x,,TX,)=1. Let for each

-k
i 3 — —
X, € X, n!:qrﬂw o(fx,, fx,) < T where X,, =SX,,, and X,, ,=TX,, , for
1 2

each nell. Then

(i) f,Sand T have a unique common fixed point, if S and T are continuous and
Cauchy commutative with respect to f and «/(fz, fz) >1 forz e CF(S,T), where
CF(S,T) is the set of common fixed points of mappings S and T.

(i) f,Sand T have a unique common fixed point, if f is continuous and if
{x.}= X is a sequence such that limx, =2z, then «(fz, fTz)>1 and

P(fz, 1Sz) >1.

Main result

We prove a fixed point theorem for two couples of (a, ) -orbital-cyclic admissible

and weakly-compatible functions in extended cone metric space equipped with 6
three-variables function. The contraction (e, /f,®,0) proposed by us extend

(a, P) -orbital-cyclic admissible properties by using  the continuous map ¢ and
a nonnegative constant o .

First, we give this definition which extend the notion of («, £) -orbital -cyclic
admissible quartet.

Definition 2.6. Let S, T are two self-mappings on a complete extended cone metric
space (X,d,) with f, g injective and «, f: X xX —[0,00) be two mappings
such that for any x e X

a(fx,gTx)>1 = p(fTx,gSTx)>1 and

B(fx,gx) =1 = a(fSx, gTSX)>1. (2.6)
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Then, f,g,S and T are said to be an («, ) -orbital-cyclic admissible quartet.

The following Lemma is important for the proof of theorem which we give in this
paper.

Lemma 2.7. Let (X,d,) be an extended cone metric space. If there exists
q €[0,1) such that the sequence {x,} for an arbitrary x, € X satisfies

n,m—oo

lim O(X,, X1 X)) < 1 and
q

dH(Xm—l’ Xn) < q- d@(xm Xn—l) (27)
forany n (1, then the sequence {x.} is Cauchy in X.

Theorem 2.8. Let (X,d,) be a complete extended cone metric space and
f,9,5,T: X > X tobean («,f) -orbital-cyclic admissible two pairs (f,S)
and (g,T) on X. Let (f,S) and (g,T) be Banach operator pairs and weakly-
compatible such that for all x, y € X

a(fx,gTx)B(fy, gSy)d, (fTx, gSy)
< p(max {kd, (7, gT), k,(d, (T, gS), ke, (X, 08} 28)
+émin{d,(fx, fTx),d,(gy, gSy).d,(fTx, gSy),d,(fx, gSy)}.

for some k ,k, >0, k; >0 and k +k, +k, <1.

Suppose that, there exists X, € X such that a(x,,TX,) >1. Let for all x; e X

k
H 3 — —
n.Ianr—TJoo O(fx,, X, X,,,) < T where X,, =SX,, ; and X, , =TX,, , foreach
1 2

nell. Then f, g, S, T have a unique common fixed point if S, T are continuous and
Cauchy commutative with respect to f and g and «(fz,9z) >1 forz e CF(S,T)

where CF(S,T) is denoted the set of common fixed points of mappings S and T.

Proof. By assumption in the conditions of theorem, there exists X, € X such that
(X, TX,)=1. Let be x =Tx, and X, =Sx,. Continuing inductively, we
construct the sequence {x} taking

Xoy = SX,, , and X, , =TX,, , foreach nell. (2.9)
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Since a(X,,TX,) =1.using the fact that (f,g,S,T)is an (e, ) -orbital-cyclic
admissible quartet, we can derive as in Algahtani et al. paper, obtaining

a(fX,,,0%,.,) =1 and  B(fX,,..,0%,,,,)=1forallnell (2.10)

For all nonnegative integers n we can assume, without loss generality, that

X, # Xn,4- This holds because, if there exists n, Ll such that x, =X, ,;, then by

the construction of the sequence {x,}, we can show that is a common fixed point of
(f,g,S, T)and the proof is done.

To check this, let consider the following two cases for n,.
(i) If nyis even, thus Ny =2m then X, =X,,,; = TX
of Tand S. Since (f,T) and (g,S) are Banach operator pairs, we have for some
d, (X, %) =d, (fTX,,,, TX,,,) <kd, (TX,,,, X,,,) =0 and
dy (9Xoms Xom) = Ay (95X, 95X, ) < Kdy (SXp1 X ) =0

and X, is a fixed point

2m

2m?

showing that X, ,, is also fixed point of f and g.

We also claim that X,, =X,.,; = SX,p.; = 1 X,,,- SUPPOSe on the contrary that
SXymy # TXo- Then, replacing X = X,,,, Y = X,,,,; in (1.8) and using (1.9), (1.10)
we have

(D(da( X0, gSX2m+1))
< (D(max {klde( fXZm’ gX2m+1)’ kz (de( fXZm’ fTXZm)’ k3d0(gX2m+1’ gSX2m+1)})

+5 min {de( fX2m d fTXZm)! da(gX2m+l1 gSX2m+1)' dH( fTXZm ! gx2m+l)1 da( fXZm' gSy2m+1)} .

This inequality can simplify using the injectivity of the functions f, g and the above
results, as

¢(d9( fTXZm’ gSX2m+1)) < kS(D(d@( ﬂ-XZm’ gSX2m+1))'

Now, we can use the function ¢ property, as a subadditive altering distance and the
fact that k, <1 obtaining d,(fTX,,,, 95%,,,.,) <d,(fTX,,,9SX,,.;) Which is a
contradiction.

Hence, d,(TX,,,, SX
Uu=X,, =X, Isafixedpointforallf,sS,g,T.

2m+l) = 0 and X2m = X2m+l = SX2m+1 :TXZm WhICh Implles that
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(if) If n,is odd, similarly, following an analogue procedure we can obtain the same
result.

Hence, we can continue the proof assuming that for all nonnegative integers
X, # X,,.- Now, we must show that f(x )and g(x,)are Cauchy sequences. In
order to show that our sequences fulfill the conditions of Lemma (2.7), it would be
enough to study the cases when X=X,,, Y =X,,,; and X=X,,, Y =X, ;.

Case (a) Let X=X, andy =X, ,. Using (1.8) and (1.10) we derive that

O < da ( fx2n+l' fX2n+2)
=d,(fTX,,, SX,,.,)
< ng ( fX2n’ fX2n+1)

Under the monotony of ¢ from the last inequality we obtain

€D(da (P10 fX2n+z)) = CD(de( fTx,,, fSX2n+1))

(2.11)
=q- ¢(d6 ( fXZn , fX2n+1))
where g = ﬂ <1 forall nel] U{0}.
1-k,

Case (b) Let x=X,, and y =X, ,. Similarly, we obtain

(/’(da( fXZn’ fX2n+l)) S q ' ¢(d9( fXZn—l’ fXZn)) (2-12)
Analogously, we can write that

¢(d9(gxzn’ gX2n+1)) <q '(D(de(gXZn—li gXZn)) (2.13)

By using Lemma (2.7) it follows that f(x,) and g(x,)are Cauchy sequences.
From the completeness of (X,d,) these sequences are both convergent on X.
Using the fact that (f,T),(g,S) are Banach operators and (S,T)are weakly
compatible there exists U e X such that lim fx, =lim gx, =u and consequently

n—oo n—oo

lim fx,, =lim fx,, , =u

n—oo n—oo

limgx,, =limgx,,,, =u.
n—o0 n—oo
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(a) Since (S,T) are weakly compatible and continuous, we have
Su=S (lim fx2n_1) = limSfx,, , = lim fSx,, , = lim fx,, =u
n—w n—ow n—ow nN—oo

Tu=T (Iim fxzn) =limTfx,, =lim fTx,, =lim fx,, , =u

Thus, u is common fixed point of Sand T.

If, for assumption U’ is another common fixed point of S and T, then
u,u’eCF(S,T). Consequently, «(fu,gu)>1 and «(fu’,gu’)>1. Then,
a(fu,gTu)>1 and A(fu’,gSu’) >1(from the definition 2.6, a(fx,gTx)>1
implies S(fTx,gSTx) >1). Now, using (1.8) where X=U, ,y =U" we have

a(fu,gTu)g(fu’,gSu’)d,(fTu, gSu’)
< p(max {k,d,(fu,gTu), k,(d,(fu’,gSu’), k,d, ( fTu, gsu’)})
+6min{d,(fu, fTu),d,(gu’, gSu’),d,(fTu, gSu’),d, ( fu, gSu’)}.

or simply d,(fu,gu’) <k,d,(fu,gu’) which is possible only when fu=gu’.

Changing the place of x with y reusing (1.8) similarly we obtain
d,(gu, fu’) <k,d,(qu, fu’) which is possible only when gu = fu'".

So, fu=gu= fu'=gu’and from the injectivity of fand g it follows that u =u’".
Thus, the common fixed point of S and T is unique.

Since (f,S)and (g,T) are weakly-compatible we have fSu=Sfu and
gTu=Tgu for ue F(S,T)from which it follows that fu and gu are two other
fixed points of S and T. From the uniqueness of such fixed points, it follows that f,
g, S, T have the common fixed point u which is unique.

Remark 2. 9. Theorem 2.8 generalize the theorem 2.5 (Haokip). Indeed, if we take
g = f in Theorem 2.8 the result is clear.

We can show that Algahtani et al. theorem can be interpreted as corollary of
Theorem 2.8.

Corollary 2.10. Let T, S be two self-mappings on a complete extended cone metric
space (X,d,)such that the pair (T, S) is (e, ) -orbital-cyclic admissible.
Suppose that there is a constant 6 > 0 and a continuous comparison function
@1 X — E suchthat lim[¢" t)] =0 and
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9(Xn, X 1Xn+1) < ﬂ’

n,m—o m k

(i) for each x, € X, lim

where X,, =SX,, ;and X, , =TX,, foreach nel,

(i) there exists X, € X such that a(X,,Tx;) >1,

(iii) Sand T are continuous and satisfies the following inequality
a (X, TX) B(y, Sy)d,(Tx, Sy) <k (da(X:TX) +d,(y, SY))

Then the pair (T, S) has a common fixed point u, that is Tu =u = Su.

Proof. If we take in theorem 2.8k, =0,k, =k, =k fX=x,0y=y, o(t)=kK
and & =0, where f, g are injective as well, the result is clear.

Conclusions

The contraction («, B,¢,5) applied for orbital-cyclic admissible and weakly

compatible two pairs offer much more possibility for generalizations of existing
results in extended cone metric spaces. Some of theorems cited in this paper can be
interpreted as a particular case of our main result like Algahtani et al. theorem and
Haokip et al. theorem.

These results are true in b-cone metric spaces and in cone metric spaces since
extended b-cone metrics are more general than such category of metric spaces.

As further study we suggest some applications of the main result in some special
metric spaces generalized by cone metric spaces and in solving integral equations.
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